We calculate the non-linear matter power spectrum using the 3rd-order perturbation theory without ignoring the pressure gradient term. We consider a semi-realistic system consisting of two matter components with and without pressure, and both are expanded into the 3rd order in perturbations in a self-consistent manner, for the first time. While the pressured component may be identified with baryons or neutrinos, in this paper we mainly explore the physics of the non-linear pressure effect using a toy model in which the Jeans length does not depend on time, i.e., the sound speed decreases as a −1/2 , where a is the scale factor. The linear analysis shows that the power spectrum below the so-called filtering scale is suppressed relative to the power spectrum of the cold dark matter. Our non-linear calculation shows that the actual filtering scale for a given sound speed is smaller than the linear filtering scale by a factor depending on the redshift and the Jeans length. A ∼ 40% change is common, and our results suggest that, when applied to baryons, the temperature of the Inter-galactic Medium inferred from the filtering scale observed in the flux power spectrum of Lyman-α forests would be underestimated by a factor of two, if one used the linear filtering scale to interpret the data. The filtering mass, which is proportional to the filtering scale cubed, can also be significantly smaller than the linear theory prediction especially at low redshift, where the actual filtering mass can be smaller than the linear prediction by a factor of three. Finally, when applied to neutrinos, we find that neutrino perturbations deviate significantly from linear perturbations even below the free-streaming scales, and thus neutrinos cannot be treated as linear perturbations.
INTRODUCTION
Pressure plays an important role for the structure formation in the universe. Pressure determines the Jeans scale, λ J , below which the growth of structure slows down, and eventually stops and oscillates: while fluctuations in the cold dark matter (CDM) and the pressured component evolve in the same way above the Jeans scale, their evolutions are significantly different below the Jeans scale.
The dominant source of gravity is CDM, which is cold and its velocity dispersion is negligible before the collapse of halos. However, the sub-dominant matter components -baryons and neutrinos -have significant velocity dispersions, which should be included in the calculation when precision is required. While the accurate calculations have been done for the linear perturbations, the effects of the pressure on the non-linear evolution of matter fluctuations on cosmological scales (∼ 10 − 100 Mpc) have not been studied very much in the literature.
We address this issue by calculating the non-linear matter power spectrum using the 3rd-order perturbation theory (3PT; see Bernardeau et al. 2002 , for a review), with the pressure gradient term in the Euler equation explicitly included. This enables us to study the effects of the pressure on the non-linear evolution of matter fluctuations in a self-consistent manner.
The rest of this paper is organized as follows. In § 2, we find the linear, second-order, and third-order solutions of the coupled continuity, Euler, and Poisson equations for two matter components with and without the presElectronic address: mshoji@astro.as.utexas.edu sure gradient. In § 3, we calculate the non-linear matter power spectrum from the solutions obtained in § 2. In § 4, we compare our full 3PT calculation with the approximation used by Saito et al. (2008) for the effects of massive neutrinos on the matter power spectrum. Finally, in § 5, we discuss the implications of our results for a few practical astrophysical and cosmological applications. In Appendices we give the detailed derivations of the 3PT results used in the main body of the paper.
THIRD-ORDER PERTURBATION THEORY WITH PRESSURE

Basic Equations
The main goal of this paper is to find the perturbative solutions for the CDM density contrast, δ c , for which the pressure gradient is ignored, and the density contrast of another matter component, δ b , for which the pressure gradient is retained. This component may be identified with baryons (hence the subscript "b") or neutrinos, depending on the sound speed one uses in the Euler equation.
1
The equations that we are going to solve include two continuity equations:
The Jeans wavenumber divides the solutions for δ 1,b into two classes: the growing solution for k ≪ k J , and the oscillatory solution for k ≫ k J , when there is no CDM, i.e., f b = 1 and δ 1 = δ 1,b . When δ 1 = δ 1,b , the Jeans wavenumber does not provide a dividing scale for the solutions of δ 1,b . The Jeans wavenumber depends on the temperature of the matter component "b" as k J ∝ T −1/2 b τ −1 ; thus, k J depends on time in general, k J = k J (τ ). However, in order to simplify the problem and obtain physical insights into the effects of pressure on the non-linear growth of structure, we shall assume that k J is independent of time, which requires that the matter temperature evolve as if the matter were coupled to radiation, T b ∝ 1/a ∝ 1/τ 2 . This is not a realistic assumption especially in a low redshift universe where baryons are decoupled from the radiation background and neutrinos are non-relativistic -in both cases the temperature evolves as T b ∝ 1/a 2 ∝ 1/τ 4 and thus k J evolves as k J ∝ τ ∝ a 1/2 , for the adiabatic evolution.
We shall solve the above coupled linear equations iteratively: as CDM is always the most dominant source of gravity, the zeroth-order iterative solution may be found by setting δ 1 → δ 1,c (i.e., f c → 1). We find the solution for the ratio of the density contrasts, which is often called the "Jeans filtering function," (Gnedin & Hui 1998) 
which should be a decreasing function of k due to the effect of pressure. At the zeroth-order of iteration, the CDM density contrast grows as
and thus the equation for g 1 simplifies tö
The solution for g 1 (k, τ ) must be normalized such that g 1 (k, τ ) → 1 as k → 0. We find
where
The second term is a decaying mode, whose amplitude is set by the initial condition, e.g., at the epoch when the baryon temperature was raised (by, say, cosmic reionization) to the point where the pressure became important, or at the epoch when the neutrinos became nonrelativistic.
Ignoring the decaying mode (although we shall come back to this later), we have the zeroth-order solution:
At the first-order iteration we have the pressure feedback on the growth of CDM. The evolution of δ (1) 1,c depends on k, and is given by
The second equality is valid for
1 (k)] ≪ 1. The growing mode solution is given by
As g (0) (k) → 1 and 0 for k → 0 and ∞, respectively, the large-scale and small-scale limits of the growing mode solution is (see, e.g., Sec. 8.3 of Weinberg 2008 , for a recent review)
The growth of δ 1,c on the spatial scales below the Jeans scale is suppressed relative to that of the large-scale modes.
Taking the first order iteration solution for δ
1,c+ into account, the first order iteration equation for g
whose growing mode solution (with the normalization that g
1 → 1 for k → 0) is
This iteration converges quickly for f b < 0.5, and further iterations are not necessary. The largest difference between g
1 (k) and g
1 (k) occurs as k/k J → ∞, and is 100% for f b = 0.5. If the component "b" is identified with baryons, f b ≃ 1/6, and the difference is reduced to ∼ 20%. The difference between g 1 (k) occurs at k ∼ k J , and is ∼ 4% for f b = 0.5, and 0.2% for f b ≃ 1/6. The difference is much smaller for neutrinos.
To simplify the subsequent analysis, we shall adopt the zeroth-order iterative solution for the filtering function, g
, and the first-order iterative solution for the CDM growth factor, eq. (33), as the solution at the first-order in perturbations. This solution is sufficiently accurate for our obtaining the physical insights.
Let us comment on the decaying mode that we have ignored in obtaining eq. [30] . This decaying mode is an oscillatory function at k/k J > 1/(2 √ 6) ≃ 0.2, representing the acoustic oscillation of the pressured component (Nusser 2000) . While this term is a decaying mode, it decays slowly, and is not quite negligible even at low redshift. We show the decaying mode at the zeroth-order iterative solution in Fig. 1 ,
assuming that the pressure became important at z * = 10. This figure shows that the decaying mode remains important even until z ∼ 0; thus, technically speaking, ignoring the decaying mode results in an inaccurate form of the filtering function. Nevertheless, we shall ignore it and adopt g 1 (k) = 1/(1 + k 2 /k 2 J ). The exact form of g 1 (k, τ ) is not so important for our purposes. The main goal of this paper is to study how non-linearities affect this function. In other words, we are interested in how the higher-order filtering functions, g n (k, τ ), are related to the linear one, g 1 (k, τ ). One may use any forms of g 1 (k, τ ) for a better accuracy, depending on the problem (baryons or neutrinos).
Second and Third Order Solutions
For the higher order (n-th order) density perturbations and velocity-divergence fields, we define the Jeans filter- 
1 (k, τ ) is the numerical solution of eq. (27), with the initial conditions given by g ing functions such that
Assuming that CDM dominates the gravitational potential, we find the zeroth-order iteration ansatz in an EdS universe:
Detailed derivations of the non-linear filtering functions at the second order, g 2 (k, τ ), and the third order, g 3 (k, τ ), are given in Appendix § B. The second-order solution is
and
is a mathematical function given by eq.
[A28]. The third-order solution is
where are mathematical functions given by eqs.
[A30] and [B27], respectively. One may check that these functions are properly normalized, i.e., g n → 1 as k → 0, using δ ′ 2,c → δ 2,c and δ
Ignoring the decaying modes, let us rewrite g 2 and g 3 as
These results may be interpreted as, roughly speaking, the non-linear filtering functions having smaller effective filtering scales (larger filtering wavenumbers):
for the third order, and
2 )k J for the n-th order perturbations. In other words, the higherorder solutions for δ n,b are less suppressed relative to the CDM solutions. In the next section we shall quantify this effect in more detail.
POWER SPECTRUM
In this section, we calculate the non-linear matter power spectrum using the results obtained in the previous section. The total matter fluctuation, δ, is given by δ = f c δ c + f b δ b , and thus the total matter power spectrum, P tot (k), is given by the sum of three contributions: (51) where P c (k) and P b (k) are the power spectra of the CDM and another matter component with pressure, respectively, and P bc (k) is the cross-correlation power spectrum. Each term is the sum of the linear part, P 11 (k, τ ), and the non-linear parts, P 22 (k, τ ) and P 13 (k, τ ): (52) where i = (c, b, bc).
The 3PT power spectrum of CDM has been found in the literature (see Bernardeau et al. 2002 , for a review):
2 is a mathematical function given by eq.
[A28], and
See Appendix § A for the detailed derivations. Here, we have implicitly generalized the results from an EdS universe to general cosmological models, by writing
where τ i is some arbitrary epoch, τ * is the epoch where the pressure effect becomes non-negligible (i.e., reionization epoch for baryons and the relativistic to nonrelativistic transition epoch for massive neutrinos), and D(τ ) is the linear growth factor appropriate to a given cosmological model. This simple generalization has been shown to provide an excellent approximation to the full calculation: see Bernardeau et al. (2002) for models with non-zero curvature and/or a cosmological constant, and Takahashi (2008) for dynamical dark energy models with a constant equation of state of dark energy.
The linear spectra of the other contributions, P 11,bc and P 11,b , are given by
The non-linear terms, the main results of this paper, are given by
See Appendix § C for the detailed derivations. How would P tot (k) compare with the CDM part, P c (k)?
• In the linear limit, we should recover
2 , which approaches unity as k → 0.
• In the very small scale limit (k → ∞), the pressured component is completely smooth
• In the intermediate regime, especially at the transition scale between the super-Jeans scale (k < k J ) and the sub-Jeans scale (k > k J ), the shape of P tot (k)/P c (k) is significantly distorted away from the linear prediction. Non-linear clustering of the pressured component adds power at k ∼ k J , which shifts the effective filtering scale to smaller spatial scales as we go to lower redshifts.
In Fig. 2 we show the ratio, P tot (k, z)/P c (k, z) (solid lines), for different redshifts (z = 0.1, 1, 3, 5, 10, and 30), and different k J (k J = 1 and 3 h Mpc −1 for the left and right panels, respectively). In the linear regime (see the bottom lines, z = 30) the ratio agrees with the linear prediction shown by the dashed lines. As we go to lower redshifts, we find that the filtering wavenumbers continue to shift to larger values, i.e., the filtering scales continue to shift to smaller spatial scales as we go to lower redshifts. This effect cannot be predicted from the linear theory, where all the modes evolve in the same way.
COMPARISON WITH APPROXIMATE TREATMENT OF SAITO ET AL. (2008)
The non-linear power spectrum with a significant contribution from a pressured component has not been studied very much in the literature, with one exception. Saito et al. (2008) (hereafter, STT) have studied effects of massive neutrinos on the non-linear matter power spectrum using 3PT (also see Wong 2008; Lesgourgues et al. 2009 ).
However, their treatment is not satisfactory: they have entirely ignored nonlinearities in neutrinos, but approximated the neutrino perturbations as linear perturbations. More precisely, they calculated the non-linear matter power spectrum as P 
The dashed lines show the ratios calculated from the linear theory, whereas the dot-dashed lines show the linear calculations with k J = 2 and 6 h Mpc −1 for the left and right panels respectively, to show that the actual filtering wavenumbers, predicted by the 3PT calculations, can be ∼40% as large as the linear filtering wavenumber at low redshift.
In our language this leads to
(63) Here, we have replaced the subscripts "b" with "ν" to avoid confusion in notation.
How accurate is the STT approximation? To study this, we compare eq.
[63] to the full calculation given in the previous section. Figure 3 shows the fractional difference between our full calculation and STT's approximation, [P tot (k) − P STT tot (k)]/P tot (k), for Ω ν /Ω m = 1/10, 1/20, and 1/100, which correspond to the sum of neutrino masses of i m ν,i ≃ 1.3, 0.64, and 0.13 eV, respectively, where i = (e, µ, τ ). We find that STT's approximation clearly underestimates the power at k ≈ k F S , where k F S is the neutrino free-streaming scale, or it is the Jeans wavenumber computed with the velocity dispersion of the neutrinos. More precisely,
in an EdS universe, where σ 2 ν,i (τ ) is the velocity dispersion of neutrino species i (see, e.g., Appendix A.3 of Takada et al. 2006) .
One may argue that STT's approximation should be better for a smaller neutrino mass: the errors in the total matter power spectrum are 3.5%, 0.6%, and 0.003% i m ν,i = 1.3, 0.64, and 0.13 eV, respectively, at z = 0.1; however, our results indicate that their approximation is conceptually not correct: neutrinos should not be treated as linear perturbations, as the neutrino velocity dispersion has no effect in suppressing the neutrino perturbations at and above the free-streaming scale. In other words, the errors may happen to be small in the total matter power spectrum for small neutrino masses because neutrinos contribute only a tiny fraction of the total matter density anyway, but the errors in the neutrino power spectrum are large. Figure 4 shows the fractional difference between the non-linear neutrino power spectrum, P ν (k), and the linear power spectrum, P lin ν (k), i.e., ∆P/P = [P ν (k) − P lin ν (k)]/P ν (k). It is clear that neutrinos are significantly non-linear, even well below the free-streaming scale, k ≫ k F S . Nevertheless, the STT approximation may still provide a convenient phenomenological tool for calculating the non-linear total matter power spectrum in the presence of massive neutrinos.
DISCUSSIONS AND CONCLUSIONS
In this paper, we have obtained the second-and thirdorder solutions for the density perturbations in a system consisting of two matter components with and without the pressure gradient. This is the first self-consistent analytical calculation, with non-linearities in the pressured component fully retained up to the 3rd order in perturbations.
As our study is focused on understanding the physics of the non-linear pressure effect on the matter power spectrum, we have studied a toy model in which the Jeans wavenumber, k J , is independent of time. This is equivalent to the temperature of the pressured component following that of radiation, i.e., T ∝ 1/a. Nevertheless, we have found several results that have qualitative implications for the practical applications. We have found that non-linearities in the pressured component shift the filtering scale from the well-known linear filtering scale (Gnedin & Hui 1998 ) to a smaller spatial scale (larger wavenumber) by a factor depending on the redshift and the Jeans scale. In other words, the actual filtering scale for a given sound speed (or temperature) is smaller than the linear scale. Therefore, if 
for Ων /Ωm = 1/100 (top), 1/20 (middle), and 1/10 (bottom), which corresponds to P mν ≃ 0.13, 0.64, and 1.3 eV, respectively. one used the linear filtering scale to interpret the fall-off of, e.g., the flux power spectrum of the Lyman-α forests (Zaldarriaga et al. 2001) , one would underestimate the temperature of the pressured component.
How important is this effect? For example, when the Jeans wavenumber is k J = 10 h Mpc −1 , our calculation predicts that the effective filtering wavenumber is ≃ 10, 12, 13, 13, and 14 h Mpc −1 at z = 30, 10, 5, 3, and 1, respectively. While we do not expect 3PT to be valid at such high wavenumbers, our results clearly indicate that the expected changes in the filtering scale cannot be ignored. Table 1 summarizes the ratios of the effective (actual) and the linear filtering wavenumbers. Note that the linear filtering wavenumber is the same as the Jeans wavenumber in our model; thus, we show k F,ef f /k J in Table 1 . We extracted the effective filtering wavenumber, k F,ef f , by fitting [
to P tot (k, z)/P c (k, z). We find that a factor of 1.4 change in the filtering scale is quite common over a wide range of redshifts and k J . A factor of 1.4 change in the filtering scale changes the inferred temperature by a factor of two; thus, one implication of our result is that the temperature of the Inter-galactic Medium (IGM) obtained from the Lyman-α forests at z = 3 by Zaldarriaga et al. (2001) might have been underestimated by a factor of two.
A factor of 1.4 change in the filtering scale gives a factor of ∼ 3 change in the filtering mass. Our calculation shows that the actual filtering mass is similar to the linear one only in high redshifts, while the former is signifi- cantly smaller than the latter in low redshift. This result is qualitatively similar to those found in Okamoto et al. (2008) and Hoeft et al. (2006) ; however, a quantitative comparison is not possible, as our results apply only to the system with a constant Jeans wavenumber.
What is next? As for baryons, we need to extend our formalism for incorporating a realistic thermal history of the universe with a proper time dependence of k J . As for neutrinos, we need to incorporate not only the pressure gradient but also the anisotropic stress in the Euler equation. To do this we need to solve the Boltzmann equation. Nevertheless, our results presented in this paper show that neutrinos are significantly non-linear, even well below the free-streaming scale.
This 
APPENDIX
3PT FOR CDM
The continuity, Euler, and Poisson equations of CDM are given by
• Euler equations:v
• Poisson equation (for an EdS universe):
First, we take the divergence of Eq.
[A2] and substitute Eq.
[A3]. Moving all the non-linear terms to the RHS of the equations, we findδ
Let us take the Fourier transform of Eqs.
[A4] and [A5]:
where we have defined θ ≡ ∇ · v, and its Fourier transform is given bỹ
One can decompose the solutions of the non-linear continuity and Euler equations,δ andθ, into the sum of infinite series of n-th order perturbations of density and velocity divergence fields:
respectively. Note that, strictly speaking, this particular decomposition, a decomposition into a series with powers of a(τ ), is valid only for an EdS universe. However, generalization to arbitrary cosmological models can be done in the end by replacing a(τ ) with the appropriate growth factor, D(τ ) (Bernardeau et al. 2002; Takahashi 2008 ). Now, let us solve Eqs.
[A6] and [A7] at each order of perturbations. The n-th (n > 1) term of the Eq. [A6] is given byȧ
Dividing both sides byȧ(τ )a n−1 (τ ), one obtains
Similarly, from the Euler equation, Eq.
[A7], one obtains
The forms of Eqs.
[A12] and [A14] indicate that the n-th order solutions are written in terms of the sum of 1-st to (n − 1)-th order solutions, with δ 1 (k) = −θ 1 (k). By solving Eqs. [A12] and [A14] for δ n and θ n , one obtains
which can be rewritten as
Here, the newly defined kernels, F n and G n , can be found from the following recursion relations:
with the boundary conditions of F 1 = 1 = G 1 . The 2nd-order solutions are
where k = q 1 + q 2 . The 3rd-order solutions are
where q ij ≡ q i + q j and k = q i . It is often convenient to have the symmetrized forms of the above kernels. They are
The explicit forms are
In order to calculate the next-to-linear-order density power spectrum, one needs to use the solutions of the density fluctuations up to the 3rd order:
which yields
Here, we have defined the quantity, P ij (k), given by
The non-linear corrections, P 22 (k) and P 13 (k), are
and µ ≡k ·q, and
one obtains (Makino et al. 1992 )
In this Appendix we shall derive the higher-order filtering functions. We shall solve Eqs.
[14]- [17] perturbatively, up to the 3rd-order in perturbations. The density contrasts and velocity divergence fields of CDM and the matter with pressure are all expanded into the infinite sum of n-th order perturbations as
where g n (k, τ ) and h n (k, τ ) are the filtering functions for the density and velocity divergence fields, respectively, at the n-th order.
With the above series expansion, Eqs.
[15] and [17] yield
From now on, we shall write the sound speed, c s , in terms of the usual Jeans wavenumber, k J , as c s = √ 6/(k J τ ). We shall ignore the inhomogeneity in c s (i.e., spatial dependence of c s ) throughout this paper. For the linear analysis for ∇c s = 0, see Naoz & Barkana (2005) .
Second Order Solutions
We have derived the linear filtering function, g 1 (k), in Eq. [30] . For n = 2, the continuity and Euler equations are given by
Here, θ 1,c (k) = −δ 1,c (k). Combining Eqs.
[B7] and [B8], we get the second order inhomogeneous partial differential equation:
where δ 2,c (k) is given by
Solving the above differential equation, we have:
where the oscillation component,
decays for any choice of 0 ≤ k/k J . The 2nd-order filtering function for the velocity divergence field, h 2 (h, τ ), is given by
where we have ignored the decaying term. Using the explicit forms of A 2 (k) and B 2 (k) given by Eqs.
[B7] and [B8], respectively, we obtain
In the limit where
2 (q 1 , q 2 ), and thus g 2 → 1. For the velocity divergence filtering function, we find
where we have used 2F 2 (q 1 ,
. This expression also converges to h 2 = 1 as we take the limit of k J → ∞.
The new kernel, F 3 (q 1 , q 2 , q 3 ), can be symmetrized as
In the limit of k J → ∞, F 3 → F 3 , and g 3 (k) = 1. Using δ ′ 3,c (k) introduced above, we write g 3 as
3PT TOTAL POWER SPECTRUM
We calculate the power spectrum of the total matter fluctuations,
, which is given, up to the third-order in perturbations, by
The power spectrum is
where P c , P b,c and P b are
= {g 1 (k)δ 1,c (k) + g 2 (k)δ 2,c (k) + g 3 (k)δ 3,c (k)} × {g 1 (k ′ )δ 1,c (k
respectively. -The dimensionless power spectra, ∆ 2 (k) ≡ k 3 P (k)/(2π 2 ), for a matter component with pressure (i.e., baryon, neutrino, etc) are shown for several redshifts (z = 0.1, 1.0, 3.0, 5.0, 10 and 30). We show the non-linear calculations with 3PT in the solid and dotted lines for k J = 1.0 and 3.0 h Mpc −1 , respectively. We also show the linear calculations in the dashed and dot-dashed lines for k J = 1.0 and 3.0 h Mpc −1 , respectively. Now, P 11,c (k), P 13,c (k) and P 22,c (k) can be numerically calculated with the corresponding kernels, F 
where r ≡ k/k J and s ≡ k/q. We find that the calculation of F 3 is numerically unstable as k/k J → 0 (r → 0). The exact limit of F 3 is lim k/kJ →0 F 3 → F 3 , and thus one may replace F 3 with F 3 for a sufficiently small value of k/k J . Finally, we generalize the above results from an EdS universe to general cosmological models, by writing a 2 (τ )
1,c+ (k, τ )/δ
1,c+ (k, τ ) δ
where τ i is some arbitrary epoch, τ * is the epoch where the pressure effect becomes non-negligible (i.e., reionization epoch for baryons and non-relativistic transition for massive neutrinos), and D(τ ) is the linear growth factor appropriate to a given cosmological model. We obtain Eq. Figure C shows the dimensionless 3PT and linear power spectra, ∆ 2 (k) = k 3 P (k)/(2π 2 ), for a matter component with pressure at different redshifts (z = 0.1, 1.0, 3.0, 5.0, 10 and 30) with k J = 1.0 and 3.0 h Mpc −1 . The 3PT and linear power spectra are similar at the highest redshift, whereas the 3PT has significantly more power than the linear spectrum at larger wavenumbers as we go to lower redshifts. As a result, the filtering scale for a given linear filtering scale migrates toward larger wavenumbers in lower redshifts.
